
PRIKRY FORCING WITH LONG EXTENDERS

SHEHZAD AHMED

Abstract. In this note, we go through Gitik’s Long Extender forcing. In

order to motivate it, work through the basic Pirkry forcing as well as the

diagonal Prikry forcing. The presentation here is based on Spencer Unger’s
lectures from the 2015 GSST in addition to Gitik’s Handbook chapter.

1. Introduction

The point of this note is to carefully work through Gitik’s long extender Prikry
forcing, and to motivate it along the way. The hope is that the process of working
through this material and writing it down will turn the author into a magic Prikry
forcing machine.

2. The Basic Prikry Forcing

Throughout this section, let κ be a measurable cardinal, and let U be a witnessing
uniform normal measure over κ. Our goal in this section is to describe Prikry
Forcing (we will be forcing in the correct direction), which will allow us to collapse
the cofinality of κ to be countable in the extension.

Definition 1. Let P denote the collection of conditions of the form (s,A), where

(1) s ∈ [κ]<ω;
(2) A ∈ U ;
(3) min(A) < max(s).

We say that a condition (s,A) ≤ (t, B) (read (s,A) is stronger than (t, B)) if

(1) s end extends t;
(2) A ⊆ B;
(3) s \ t ∈ B.

So, the idea here is that we are making finite approximations to a cofinal ω
sequence in κ, and the accompanying measure one sets give us our options for
extensions to these finite approximations. Given a condition (s,A), we will often
refer to s as the stem of the condition and A as the top part. It is easy to see that
conditions with the same stem are compatible.

Lemma 1. (P,≤) is κ+-cc.

Proof. There are |[κ]<ω| = κ-many stems, so there are no maximal antichains of
size κ+. �
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Of course, we could have very easily made a κ+-cc forcing in a very stupid way
by simply taking finite approximations to an ω-sequence in κ. However, this poset
as well as P fail to be very closed. In order to show that no bounded subsets of κ
are added, we have to appeal to the top parts of our conditions.

Lemma 2 (The Prikry Lemma). Let D be an open dense subset of P, and (s,A) a
condition. There is a set A∗ ∈ U such that (s,A∗) ≤ (s,A), and if (t, B) ≤ (s,A∗)
with (t, B) ∈ D, then in fact (t, A∗ \ (max t+ 1)) ∈ D.

The above lemma basically tells us that there is some universal top part A∗ for
any condition (s,A) and open dense set D such that, if extending (s,A∗) lands us
in D, then we could have landed in D without extending the top part. It should
be noted that the above lemma isn’t technically referred to as the Prikry Lemma
in the literature, but the real Prikry Lemma follows immediately from our version
of it.

Proof. Fix a condition (s,A) ∈ P, and a dense open set D ⊆ P. Let 〈tα : α < κ〉 be
an enumeration of the stems extending s, and assume that shorter stems are indexed
before longer ones. To each tα, we associate a set Aα such that (tα, Aα) ∈ D if
such a set exists, and set Aα = κ otherwise. Now set

A∗ = ∆α<κAα = {β < κ : (∀t ∈ [κ]<ω)(β > max t =⇒ β ∈ At)} ∈ U .

We claim that A∗ is the desired set. To see this, simply let (t, B) ≤ (s,A) be
such that (t, B) ∈ D. By construction, we have that t = tα for some α and
(tα, Aα) ∈ D and since A∗ \ (max t+ 1) ⊆ Aα and D is dense open, it follows that
(t, A∗ \ (max t+ 1)) ∈ D. �

This universal set allows us to show that, in order to decide a sentence in the
forcing language, we merely need to extend a given condition by its top part only.
Using this, and the fact that our “top part extension only” ordering is quite closed,
we will be able to show that no new bounded subsets of κ are added in the extension.

Lemma 3 (The Prikry Condition). For any sentence φ in the forcing language,
and any (s,A) ∈ P, there exists some B ∈ U such that (s,B)‖φ ((s,B) decides φ).

Proof. Let φ be a sentence in the forcing language, (s,A) ∈ P , and D = {p ∈
P : p‖φ}. As D is a perfectly good open dense set, we can fix some set A∗ ∈ U
witnessing that the Prikry Lemma holds for (s,A) and D. As before, enumerate
all of the stems extending s by 〈tα : α < κ〉, and for each α let

(1) X0
α = {α ∈ A∗ \max(t+ 1) : (t _ α,A∗ \ α+ 1)  φ}

(2) X1
α = {α ∈ A∗ \max(t+ 1) : (t _ α,A∗ \ α+ 1)  ¬φ}

(3) X2
α = A∗ \ (X0 ∪X1).

Let Xα = Xi
α be such that Xi

α ∈ U . So, here we’re simply noting that ultrafilter-
many one step extensions of t will decide φ in the same manner (perhaps by not
deciding it at all). As before, let A∗∗ = ∆α<κXα ∈ U . We claim that there is some
B ⊆ A∗∗ so that (s,B) decides φ.

Otherwise, let α be the least ordinal so that (tα, B) decides φ with |tα| > |s|.
By construction, it follows that (t, A∗ \ (max t + 1)) decides φ. Letting tβ = t− =
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t \ {max t}, we see that the set Xβ we picked earlier was of the form X1
β or X0

β .

Thus, every one-step extension of (tβ , A
∗∗) decides φ, contradicting the minimality

of α. �

One thing to note is that we can strengthen the Prikry Lemma to a version
that gives us that any n-step extension for s will land us in our dense open set
D for some n. This gives us an easier proof of the Prikry condition, along with a
genericity condition on our cofinal ω-sequence.

Lemma 4 (Strong Prikry Lemma). Let D ⊆ P be dense open, and (s,A) a con-
dition in P. There is some B ⊆ A and n < ω such that every n-step extension of
(s,B) is in D.

Proof. Let D ⊆ P, (s,A) ∈ P, and let A∗ ∈ U witness that the Prikry Lemma
holds for D and (s,A). Recall that Rowbottom’s theorem gives us the existence of
κ complete measures, U [n] over [κ]n for n > 1 with the property that if Z ∈ U [n],
then there is some X ∈ U such that [X]n ⊆ Z. Setting U [1] = U , define

• Y0 = {t ∈ [κ]<ω : (t, A∗ \ (max t+ 1)) ∈ D};
• Yn+1 = {t ∈ [κ]<ω : (∃An+1

t ∈ U [n])(∀s ∈ An+1
t )((t _ s,A∗ \ (max s+ 1)) ∈

D)}.

In other words, Y0 is the set of all sequences that need no assistance to land in
D when accompanied with A∗, while Yn+1 is the collection of finite sequences that,
on a measure one set, have n + 1-step extensions landing them in D. To each Ant
for n > 1, let Xn

t be the witness that Ant is a measure one set, and let A1
t = X1

t .
Enumerating all stems as before, set A∗n = ∆α<κA

n
tα for n ≥ 1, and let

B =
⋂
n<ω

A∗n ∩ (A∗ \ (max s+ 1)).

Note that, if we can show that s is in Yn for some n, then B will be the desired
set by construction. By assumption, there is some n-step extension t = s _
{α0, . . . , αn−1} such that (t, A∗ \ (max t + 1)) ∈ D and thus such that (t, B \
(maxt + 1)) ∈ D. We claim that s ∈ Yn. To see this, simply note that t− =
s _ {α0, . . . , αn−2} ∈ Y1 since any one-step extension of t− from B will land in
D. Repeating this process, we see that successively peeling off the ends of t until s
remains will show that s ∈ Yn. �

Just for fun, we will give a proof of the fact that P satisfies the Prikry condition
from the strong Prikry lemma.

Proof. (P satisfies the Prikry Condition)

As before, let (s,A) be a condition, and let φ be a sentence in the forcing
language. Let D = {t ∈ [κ]<ω : t‖φ}, and let B and n be such that every n-
step extension of (s,A) is in D. Let X0 = {t ∈ [B]n : s _ t  φ} and let
X1 = {t ∈ [B]n : s _ t  ¬φ} and note that one of these sets is in U [n]. Let X
denote one of X0 or X1, depending on which one has measure one. Let C ∈ U
witness that X has measure one, and note that by construction, (s, C)‖φ.

�
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We are now ready to show that no new bounded subsets of κ are added in the
generic. In fact, it will turn out that the only interesting unbounded subsets of κ
added in the generic come from the ω-sequence that singularizes κ.

Lemma 5. Forcing with P adds no new bounded subsets of κ.

Proof. Let ẋ be a P-name for a subset µ < κ and (s,A) a condition. Let Aα ∈ U
be such that (s,Aα) decides “α̌ ∈ ẋ”, and note that (s,

⋂
α<µAα) ∈ P completely

decides ẋ. Thus no new bounded subsets of µ are added. �

We are a simple density argument away from showing the following.

Theorem 1. Let κ be measurable, U be a witnessing normal measure, and P be
Prikry forcing. Let G be P-generic over V , then in V [G], the following hold:

(1) All cardinals are preserved;
(2) No new bounded subsets of κ are added;
(3) κ has cofinality ω;
(4) In particular, if κ is such that 2κ > κ+, then V [G] |= ¬SCH.

Proof. Since we have already shown that both (1) and (2) hold, and it’s clear that
(4) follows from (3), it suffices to show that (3) holds. So let C =

⋃
{s : (∃A ∈

U)((s,A) ∈ G}, and note that we only have to show that s is a cofinal ω-sequence
in κ. But, this follows form the fact that the following sets are dense for each α < κ
and each n < ω:

• Dα = {(s,A) ∈ P : max s > α};
• Dn = {(s,A) ∈ P : |s| > n}.

Thus it follows that C is a cofinal ω-sequence in κ in V [G], and the theorem is
proved. �

The ω-sequence that we isolated in the proof of the above theorem is often
referred to as a Prikry sequence in the literature. It turns out that the Prikry
sequence can be exploited to show that κ+ carries several incompact objects in
V [G]. In order to show this, we will need some properties of C.

Lemma 6. C is eventually in every top part of P. That is, for every A ∈ U , C \A
is finite.

This characterization of eventually ending up in every top part will be useful
later on when we look at Prikry forcing in abstract. In particular, we can break
every Prikry forcing into a stem and a top part, and we will see that the unions of
the stems in the generic will eventually land inside the top parts.

Proof. To see this, simply note that for any A ∈ U , the set DA = {(s,B) : B ⊆ A}
is dense. So fixing (s,B) ∈ G ∩ DA, we see that every extension of (s,B) has a
stem t with t \ s ∈ B and hence C \ s ∈ B ⊆ A. �

One thing to note is that, if we let G be Prikry generic, and set C =
⋃
{s : (∃A ∈

U)(s,A) ∈ G}, we can use C to reconstruct G. That is

G = {(s,A) ∈ P : s is an initial segment of C, and C \ (max s+ 1) ∈ A}.
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It’s a theorem of Mathias that, for any ω-sequence satisfying the previous lemma,
we can use the above construction to recover a generic for P.

Theorem 2. Let M be an inner model of ZFC, let κ be measurable in M and U a
witnessing normal measure. If there is an ω-sequence C that is eventually in every
A ∈ U , then the set

G(C) = {(s,A) ∈ P : s is an initial segment of C, and C \ (max s+ 1) ∈ A}.

is P-generic over M .

Proof. The only difficult thing to check is that G(C) meets every open dense subset
D ∈ M of P. So, fix an dense open set D in M , and for each stem s use the
Strong Prikry lemma to pick ns and Bs ⊆ U such that every ns-step extension of
(s,Bs) meets D. Let A = ∆α<κBsα , and let t be some initial segment of C with
C \ (max t+ 1) ∈ A.

By construction, we can extend t by an nt-step extension to an initial segment of
C and land inside D. More precisely, letting s ∈ [A]nt be such that t _ s is an initial
segment of C, it follows from the definition of A that (t _ s,A \ (max s+ 1)) ∈ D.
Since C \ (max t + 1) ∈ A, it also follows that C \ (max s + 1) ∈ A and hence
(s,A) ∈ G(C) as well, completing the proof. �

As mentioned earlier, this genericity condition for Prikry sequences allow us to
show that κ+ will carry a number of incompact objects in the extension. This
gives us some idea of the interplay between SCH and combinatorics at successors of
singulars. At this point though, we will work through the diagonal Prikry forcing.

3. Diagonal Prikry Forcing

Let 〈κn : n < ω〉 be an increasing sequence of measurable cardinals with
supn κn = κ. In this section, we will describe a forcing for adding a single Prikry
sequence to the product

∏
n<ω κn that eventually dominates every member of the

aforementioned product. We will use this idea as the basis for adding λ-many se-
quences to the product, assuming each κn is λ-strong. For each κn, fix a κ-complete,
non-principal ultrafilter witnessing measurability. It will be important to note here
that we will not require the measures to be normal.

Definition 2. Let P denote the collection of conditions of the form (~α, ~A), where

(1) ~α = 〈α0, . . . , αn−1〉 where α0 < κ0, and each αi+1 ∈ (κi, κi+1);

(2) ~A = 〈An, An+1, . . .〉 where each Ai ∈ Ui.

We will occasionally write out 〈~α, ~A〉 = 〈α0, . . . , αn−1, An, An+1, . . .〉 and for a

condition p = 〈~α, ~A〉 ∈ P, we will use `(p) = |~α| = n to denote the length of p. As

before, we will have occasion to refer to ~α as the stem of the condition and ~A as the
tail or top part of the condition. Unlike the case with Prikry forcing, we will have
need of a direct extension ordering ≤∗ in addition to the usual extension ordering
≤.
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Definition 3. We define the extension ordering on P by saying 〈α0, . . . , αn−1, An, An+1, . . .〉 ≤
〈α0, . . . , αm−1, Am, Am+1, . . .〉 when

(1) ~α end extends ~β;
(2) for m ≤ i < n, αi ∈ Bi;
(3) for i ≥ n, Ai ⊆ Bi.

We say that one condition directly extends another condition, (~α, ~A) ≤∗ (~β, ~B) if

(1) (~α, ~A) ≤ (~β, ~B);

(2) ~α = ~β.

It should be noted that we will be forcing with (P,≤), but the direct extension
ordering will help ease notation. As with the usual Prikry forcing, we are using the
ultrafilters to control how our sequences grow. The idea is to note that the usual
extension ordering is κ+-cc, but fails to be very closed, while the direct extension
ordering is highly closed. So the goal will be to prove that P satisfies the Prikry
condition in order to implement the closure of direct extension ordering. As before,
we will note that P also satisfies the strong Prikry lemma along with a genericity
criteria similar to that of the basic Prikry forcing.

Lemma 7. (P,≤) is κ+-cc.

Proof. As before, there are only |[κ]<ω| = κ-many stems, and conditions with the
same stem are compatible. Thus, (P,≤) is κ+-cc. �

In order to show that P satisfies the Prikry condition (which we will restate in
this context), we will follow the same structure we used in order to show that the
basic Prikry forcing satisfies the Prikry condition. We begin by showing that, given
a condition and a dense set, we can find a top part that is universal for both.

Lemma 8. Let (~α, ~A) ∈ P be a condition, and let D ⊆ P be dense open in (P,≤).

There exists some ~A∗ with (~α, ~A∗) ≤∗ (~α, ~A) such that, if (~β, ~B) ≤ (~α, ~A∗) is such

that (~β, ~B) ∈ D, then (~β, ~A∗ �[ |~β|,ω)) ∈ D.

Proof. Fix a condition (~α, ~A) ∈ P, and a dense openD ⊆ P. Let ~α = 〈α0, . . . , αn−1〉,
and fix an enumeration 〈sα : β < κ〉 of all end extensions of ~α such that shorter
sequences are enumerated before longer ones. Note that all one-step extensions
are enumerated by stage κn, and in general all ≤ k + 1-step extensions are enu-

merated by stage κn+k. To each stem sβ , let ~Aβ be such that (sβ , ~Aβ) ≤ (~α, ~A)

and (sβ , ~Aβ) ∈ D if such a tail exists, and let Aβ = 〈κ|sβ |, κ|sβ |+1, . . .〉 otherwise.

Denote ~Aβ = 〈Aβ|sβ |, A
β
|sβ |+1, . . .〉. As before, we want to capture all of these tails

into a single universal tail

〈A∗n, A∗n+1, A
∗
n+2, . . .〉.

Let A∗ = An. Now, since 〈sβ : β < κn enumerates all one-step extensions

of ~α, there are at most κn-many measure one sets of the form Aβn+1. So, we set
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A∗n+1 =
⋂
β<κn

Aβn+1 ∈ Un+1 since Un+1 is κn+1-complete and κn is far below κn+1.

In general, since 〈sβ : β < κn+k〉 enumerates all ≤ k + 1 step extensions of ~α, we
can define for k ≥ 0,

A∗n+k+1 =
⋂

β<κn+k

Aβn+k+1 ∈ Un+k+1.

We claim that A∗ = 〈A∗n, A∗n+1, . . .〉 is as desired. To see this, suppose we have

(~β, ~B) ≤ (~α, ~A) with (~β, ~B) ∈ D. Then, ~β = 〈β0, β1, . . . , βn+k〉 = sγ for some

γ < κn+k, and so 〈sγ , ~Aγ) ∈ D. But by construction we see that, for each i > 0,

Aγn+k+i ⊆ A∗n+k+i and so (~β, ~A∗ �[ |~β|,ω)) ∈ D. �

Instead of proving that P satisfies the Prikry lemma directly from the previous
lemma, we will instead go through the strong Prikry condition. This blueprint is
similar to the one used to show that Gitik’s long extender Prikry forcing satisfies
the Prikry condition (and more). Of course, the arguments there are much more
technical, but this will at least give us an idea of how we proceed in the very simple
case.

Lemma 9. Let (~α, ~A) ∈ P, and let D ⊆ P be dense open in (P,≤). There is some

(~α, ~B) ≤∗ (~α, ~A) such that every k-step extension of (~α, ~B) is in D.

Proof. Let (~α, ~A) ∈ P and D ⊆ P be dense open, and let ~A∗ satisfy the conclusion

of the previous lemma. Letting |~α| = n, we want to refine ~A∗ by looking at all
stems such that all k-step extensions that almost always land in D. We inductively
define Yk for k < ω by

• Y0 = {t ∈ [κ]<ω : (t, ~A∗ �(|t|,ω))∈ D};
• Y1 = {t ∈ [κ]<ω : (∃At|t| ∈ U|t|)(∀α ∈ A

t
n)(t _ α, ~A∗ �(|t|+1,ω)) ∈ Y0};

• Yk+1 = {t ∈ [κ]<ω : (∃At|t|+k ∈ U|t|+k)(∀α ∈ Atn+k)(t _ α, ~A∗ �(|t|+k,ω)) ∈
Y0}.

So for example, if t ∈ Y1, then every one-step extension of (t, At|t| ∩A
∗
|t|, A

∗
|t|+1, . . .)

is in D. On the other hand, if t ∈ Y2, then every one-step extension of t by an
element of At|t| is in D, but it may not be the case that every two-step extension

of (t, At|t| ∩ A
∗
|t|, A

∗
|t|+1, . . .) is in D. However, each α ∈ At|t| is such that every one

step extension of (t∩α,At|t| ∩A
∗
|t|, A

t∩α
|t|+1 ∩A

∗
|t|+1, . . .) lands in D. So, by replacing

A∗|t|+1 with

B =

( ⋂
u∈X1

|t|+1

Au|u|+1.

)
∩A∗|t|+1,

where X1
|t|+1 = {v ∈ [κ|t|]

<|t|+1 : v ∈ Y1}, we have that B ∈ U|t|+1 and every

two-step extension of (t, At|t| ∩ A
∗
|t|, B, . . .) is in D. We now use this idea to define

~A∗∗.
For k < ω, set Xk+1 =

⋂
m<ωX

m
n+k+1 = {v ∈ [κn+k]<n+k+1 : v ∈ Ym}, and note

that |Xk+1| ≤ κn+k. We now define the sequence A∗∗ = 〈A∗∗n , A∗∗n+1, . . .〉 as follows:
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A∗∗n = A∗n

A∗∗n+k+1 =

( ⋂
t∈Xk+1

Atn+k+1

)
∩A∗n+k+1 ∈ Un+k+1.

We claim that (~α, ~A∗∗) ∈ Yk for some k < ω. To see this, note that there is

some k-step extension of (~α, ~A∗∗) that lands in D, and run the same “peeling off”
argument to prove the strong Prikry lemma for the basic Prikry forcing. So, let

k < ω be such that (~α, ~A∗∗) ∈ Yk. Similarly, we see that every k-step extension of

(~α, ~A∗∗) is in D. �

Lemma 10 (P satisfies the Prikry condition). Let φ be a sentence in the forcing

language and (~α, ~A) ∈ P. There exists a (~α, ~B) ≤∗ (~α, ~A) such that (~α, ~B)‖φ.

Proof. Annoying and tedious. �

Again, the Prikry lemma allows us to implement the closure of the direct ex-
tension ordering in order to show that forcing with (P,≤) adds no new bounded
subsets of κ.

Lemma 11. Forcing with (P,≤) adds no new bounded subsets of κ.

Proof. Standard �

Now we construct the generic object we want. let G ⊆ P be V -generic for (P,≤).
Note that for each p = (s,A) ∈ G, s is a finite partial function from ω to κ, so let
f =

⋃
{s : (∃A)((s, a) ∈ G)}.

Lemma 12. For each g ∈ (
∏
n<ω κn) ∩ V , f eventually dominates g.

Proof. This follows form the fact that the, for each g ∈ (
∏
n<ω κn) ∩ V , following

set is dense in G

Dg = {p ∈ P : (∃N < `(p))(∀N ≤ n < `(p))(p(n) > g(n))}.
�

Thus, we have that forcing with (P,≤) adds a sequence to
∏
κn dominating all

ground model sequences, preserves cardinals, and adds no new bounded subsets to
κ. We now go on to describe a method of adding many sequences to the product,
assuming we have larger cardinals lying around.

4. Gitik’s Long Extender Forcing

The diagonal Prikry forcing uses a sequence of measurable cardinals 〈κn : n < ω〉
and witnessing measures to add a Prikry sequence to

∏
n<ω κn dominating all

ground model functions. So, in order to blow up the power of κ = supn<ω κn, we
just have to find a way of doing this diagonal Prikry forcing a bunch of times in a
coherent way. Since we used measures on each κn to accomplish this, the natural
step to take is to utilize extenders of the appropriate length, since those naturally
carry a bunch of measures that are associated in a nice way. The hope is that we
can generalize the diagonal Prikry forcing construction using extenders, and have
nothing horrible go wrong (like accidentally collapsing cardinals). It turns out that
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this approach almost works.

Suppose that we have an increasing sequence of λ-strong cardinals 〈κn : n < ω〉
where κ = supn<ω κn, and λ ≥ κ++. For each κn, fix a non-trivial, elementary
embedding jn : V →M with the following properties:

(1) crit(jn) = κn;
(2) jn(κn) > λ;
(3) Vλ+1 ⊆M , and κnM ⊆M .

For n < ω, and κn ≤ α < λ, define Enα = {X ⊆ κn : α ∈ j(X)}. Note that each
Enα is a κn-complete, non-principal ultrafilter on κn with Enκn normal. These
are the measures that we will be working with. The presence of these λ-strong
embeddings will give us a nice κn-directed order on these measures, which will
allow us to perform the diagonal Prikry forcing λ-many times.

Definition 4. For α ≤ β < λ, we say that α ≤En β if there is some f : κn → κn
such that jn(f)(β) = α.

This extender ordering allows us to project the ultrafilter Enβ to Enα. To see
this, assume we have that α ≤En β, and let f be such that jn(f)(β) = α. Let
A ∈ Enβ , and note that by definition we have β ∈ j(A). By elementarity, we then
have that α = jn(f)(β) ∈ jn(f ′′jn(A)), but again by elementarity we know that
jn(f ′′jn(A)) = jn(f ′′A). Thus, we have that α ∈ jn(f ′′A) and so by definition
f ′′A ∈ Enα. We now fix some notation.

• If α ≤En β, we will suggestively call the witnessing function πβα.
• For α < λ, we denote Nα = Ult(V,Enα).
• For α < λ, we use iα : V → Nα to denote associated ultrapower embedding.

The general theory of ultrapowers gives us a factor map kα : Nα → Mn, given
by k([f ]Enα) = j(f)(α). Note that if β ≤En α, we have that

β = j(παβ)(α) = kα([παβ ]Enα).

Let β∗ = [παβ ]Enα , and note that this is, roughly speaking, what Nα things the
seed of Enβ is. We can then use this ordinal to define an elementary embedding
kβα : Nβ → Nα that makes some awful looking diagram commute. Basically, this
ordering yields a directed system of ultrapowers and their associated embeddings,
the direct limit of which is the embedding jn : V → Mn. Of course, here we’re
brushing a lot of technical details under the rug, but this is the basic idea.

We are not so concerned with the directed system of embeddings and ultrapowers
itself. We are much more concerned with how the En ordering relates the measures
themselves. The following three lemmas are somewhat technical, but relatively
standard affair with arguments involving commutative diagrams of elementary em-
beddings.

Lemma 13 (GCH). Fix n < ω, and τ < κn. If {αν : ν < τ} is a collection of
ordinals below λ, then there are λ-many α < λ such that α ≥En αν for each ν < τ .
In particular, ≤En is κn-directed.
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Proof. Since GCH holds, we can enumerate [κn]<κn in order type κn by 〈aβ : β <
κn〉 with the property that, for any regular δ < κn, 〈aβ : β < δ〉 enumerates
[δ]<δ such that every x ∈ [δ]<δ appears δ-many times. Now we want to look at
j(〈aβ : β < κn〉), and note that since j(κn) > λ, by elementarity we have that
j(〈aβ : β < κn〉) � λ enumerates [λ]<λ in order type λ with the above property.
Call this enumeration 〈aβ : β < λ〉. Fix some α < λ such that aα = 〈αν : ν < τ〉,
we claim that α ≥En αν for each ν < τ . Since there are λ-many such ordinals α,
that will complete the proof.

By standard ultrapower stuff, we have that

〈aβ : β < λ〉 = j(〈aβ : β < κn〉) = kα(iα(〈aβ : β < κn〉)).

Since aα is the αth member of the above sequence, we can express aα as

aα = kα(iα(〈aβ : β < κn〉)([id]Enα)).

Since crit(kα) ≥ crit(jn) = κn, it follows that iα(〈aβ : β < κn〉)([id]Enα) is a
τ -length sequence of ordinals from Nα. Fix ν < τ , and let α∗ν be the νth member of
this sequence, and note that kα(α∗ν) = αν by elementarity. As before, we’ve isolated
what Nα thinks is the seed of Enαν , and we can use this to define an embedding
from Nαν → Nα as well as a projection map πα,αν .

We define kαν ,α : Nαν → Nα by kαν ,α([f ]Enαν ) = iα(f)(α∗ν). It is fairly rou-
tine to check that kαν ,α is elementary and commutes with iα and iαν . Next, let
πα,αν : κn → κn be such that [πα,αν ]Enαν = α∗ν . By definition,

j(πα,αν )(α) = kα([πα,αν ]Enα) = k(α∗ν) = αν ,

and thus αν ≤En α. Since ν < τ was arbitrary, this completes the proof. �

Now that we’ve shown that the extender order is κn-directed, we will show that
≤En has some nice coherency properties that will allow us to generically add λ-many
sequences to

∏
n<ω κn.

Lemma 14. Suppose that γ < β ≤ α < λ. If β ≤En α and γ ≤En α, that
{ν < κ : παβ(ν) < παγ(ν)} ∈ Enα.

Proof. This is relatively simple, as we simply need to show that Nα |= [παβ ]Enα <
[παγ ]Enα. But we’ve already shown that kα([παβ ]Enα) = β and kα([παγ ]Enα) = γ,
and thus it follows by elementarity and the fact that M |= β < γ that

Nα |= [παβ ]Enα < [παγ ]Enα,

and so the lemma is proved. �

Lemma 15. Suppose that we have ordinals γ ≤ β ≤ α < λ such that γ ≤En β ≤En
α, then there is some A ∈ Enα such that, for each ν ∈ A, παγ(ν) = πβγ(παβ(ν)).
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Proof. Note that we only need to show that [παγ ]Enα = [πβγ ◦παβ ]Enα . We already
know that kα([παγ ]Enα) = γ, so by the above argument, we only need to show that
kα([πβγ ◦ παβ ]Enα) = γ. By definition and liberal applications of elementarity, we
have:

kα([πβγ ◦ παβ ]Enα) = jn(πβγ ◦ παβ)(α) = jn(πβγ)(jn(παβ(α)) = jn(πβγ)(β) = γ.

This completes the proof. �

With these properties of the extender ordering in hand, we can describe our first
approach to adding λ-many sequences to

∏
n<ω κn using the presence of (κn, λ+ 1)

extenders. The idea is, for each κn, to use elements a ∈ [λ]<κn such that each
a contains a ≤En -maximal element max(a), and do the diagonal Prikry forcing
at the sequence of ultrafilters corresponding to these maximal elements. This will
yield a Prikry sequence through

∏
n<ω κn with each Prikry point at each ultrafilter.

The properties extender order will then allow us to project this Prikry point nicely
through each element of a, giving us many ω-sequences. But, we can use the
coherency properties of this order to move the sequences a around, and therefore
generically cover λ in this manner. We now attempt to make this idea more precise.

Definition 5. We let P∗ be the forcing consisting of conditions of the form

(s0, s1, . . . , sn−1, 〈an, An〉, 〈an+1, An+1〉, . . .)

where:

(1) For m < n, sm ⊆ κn.
(2) For each n ≤ m < ω, am ∈ [λ]<κm .
(3) Each am has a ≤Em-maximal element max(a).
(4) For each m ≥ n, Am ∈ Em,max(a).
(5) For each α, β, γ ∈ am, if α ≥Em β ≥Em γ, then παγ(ν) = πβγ(παβ(ν)) for

each ν ∈ πmax(a)α
′′Am ∈ Emα.

(6) For each α > β ∈ am, and for each µ ∈ Am, πmax(a)α(ν) = πmax(a)β(ν).

In some sense, this is the natural definition for this forcing given what we know
about the extender ordering. Unfortunately, it’s rather complicated compared to
the diagonal Prikry forcing. We now define the ordering:

Definition 6. For conditions p, q ∈ P∗ where p = (s0, . . . , sn−1, 〈an, An〉, . . .), and
q = (t0, . . . , tm−1, 〈am, Am〉, . . .), say that p ≤ q if the following hold:

(1) m ≤ n;
(2) For i < m, si = ti;
(3) For i ∈ [m,n), si is a collection of ordinals in members of ultrafilters cor-

responding to the sequence bi;
(4) For n ≤ i, ai ⊇ bi;
(5) For n ≤ i, πmax(a),max(b)

′′A ⊆ Bi.
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I’m being a bit imprecise with the third condition, but the idea’s there. It should
be noted that, unlike the case for diagonal Prikry forcing, conditions with the same
stems in the ordering we’ve constructed may have many incompatible extensions.
So, we have no easy way of showing that cardinals above κ are preserved, and
it turns out that forcing with P∗ will actually collapse cardinals. So, we need to
tweak this idea a bit and add more structure in order to keep this collapse from
happening. We now define the actual forcing.

Since the forcing itself is rather complicated, I will follow Gitik’s approach and
define it in pieces. We begin by fixing n < ω, and for each α, β < λ such that
β ≤En α, fix a witnessing function παβ with παα = id. We now define the nth cell
Qn as follows.

Definition 7. Set Qn1 = {f is a partial function from λ to κ : |f | ≤ λ}, and say
that f ≤Qn1

g if f ⊇ g. Define Qn0 to be the collection of conditions of the form
〈a,A, f〉 such that:

(1) f ∈ Qn1;
(2) a ∈ [λ]<κn , such that a contains a ≤En-maximal element max(a), and

a ∩ dom(f) = ∅;
(3) A ∈ Enmax(a);
(4) For α > β if α, β ∈ a, then for every ν ∈ A,

πmax(a)α(ν) > πmax(a)β(ν);

(5) For α, β, γ ∈ a, if α ≥En β ≥En γ, then for every ν ∈ πmax(a)α
′′A,

παγ(ν) = πβγ(παβ(ν)).

We say that 〈a,A, f〉 ≤Qn0
〈b, B, g〉 if

(1) f ⊇ g;
(2) a ⊇ b;
(3) πmax(a)max(b)

′′A ⊇ B.

Definition 8. Set Qn = Qn1 ∪ Qn0, and define the direct extension ordering
by ≤∗n=≤Qn1

∪ ≤Qn0
. For p, q ∈ Qn, we say that p ≤n q if either p ≤∗ q or

q = 〈a,A, f〉 and p ∈ Qn1 is such that:

(1) p ⊇ f ;
(2) dom(p) ⊇ a;
(3) p(max(a)) ∈ A;
(4) For every β ∈ a, p(β) = πmax(a)β(p(max(a)).

We may think of the ordering (Qn,≤n,≤∗n) as the nth coordinate of the forcing
that we actually want to define when we string all of these blocks together. We
should note that, since every condition bottoms out in a Cohen condition, the
forcing (Qn,≤n) is actually equivalent to Cohen forcing. Outside of that though,
this forcing seems like it will do what we want it to (given the discussion earlier).
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The a,A portions of our conditions give us a set of ordinals of size < κn that
have a maximal element in the extender ordering, and cohere well with respect to
it, as witnessed by A ∈ Enmax(a). This will allow us to perform the diagonal Prikry
forcing construction at the top elements of these sequences (when we glue everything
together) in a nice way. In particular, the Cohen conditions give us a nice way of
assigning each element of the sequence a to an element of its associated ultrafilter
that agrees with the extender ordering and witnessing projections. Finally, rolling
up the Cohen conditions along with the a,A parts allows us a way of ”predicting”
extensions of a Qn0 condition to a Cohen condition. We will see what is meant by
this in the proof of the upcoming lemma.

Of course, for any Cohen condition extending a condition from Qn0, its values on
the sequence a are fully determined by the value at max(a). It turns out that each
block is actually a Prikry forcing. We work through the lemma below, as it will
give us an idea of what conditions look like, and how one goes about constructing
new conditions.

Lemma 16. (Qn,≤∗n,≤n) satisfies the Prikry condition. That is, for condition
p ∈ Qn and any sentence φ in the forcing language, there exists some q ≤∗n p
deciding φ.

Proof. We begin by noting that it suffices to consider extensions of the form p =
〈a,A, f〉 since the non-direct and direct extension orderings are the same if p is a
Cohen condition. The basic idea here is that we will diagonalize against all non-
direct extensions deciding φ, and construct a direct extension that predicts these
non-direct extensions. In order to do this, we look at a sort of minimal extension
of a Qn0 condition to a Cohen condition. We first fix a condition p = 〈a,A, f〉 and
a sentence φ in the forcing language. Now, for a given ν ∈ A, we set

〈a,A, f〉_ ν = f ∪ {〈β, πmax(a)β(ν)〉 : β ∈ a}.

Basically, we take the minimal extension of 〈a,A, f〉 by a Cohen condition with
values decided by ν ∈ A. We will now inductively build a ≤∗n decreasing chain
of conditions from Qn0 of length κn. At each stage, we will find some non-direct
extension deciding φ, and alter the Cohen part of our previous condition so that
it predicts this non-direct extension while leaving the first two coordinates of our
condition fixed.

We begin by fixing an increasing enumeration 〈νη : η < κn〉 of A, and set p0 =
〈a,A, f0〉. We first describe what to do at the successor stage of this construction.
So suppose that pη = 〈a,A, fη〉 has been defined for some η < κn. As we mentioned
earlier, we will only focus on altering the Cohen parts of our condition, while keeping
the a and A parts fixed. Let qη ≤n pη _ νη be a non-direct extension of pη deciding
φ, and set fη+1 = qη � (dom(qη \ a)). Define pη+1 = 〈a,A, fη+1〉, and note that
pη+1 _ νη = qη. Furthermore, note by definition that fη+1 ⊇ fη since qη ⊇ fη,
and dom(fη) ∩ a = ∅.

Next, we describe how to proceed at limit stages. So, let γ < κn be limit and
suppose that pη has been defined for all η < γ. Then, we simply set fγ = ∪η<γfη,
and note that |dom(fγ)| ≤ κ. Then we define pγ = 〈a,A, fη〉. Now we have a
sequence 〈pη : η < κn〉 with pη = 〈a,A, fη〉 ∈ Qn0 and such that fη ⊇ fη′ for
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η′ ≤ η < κn. Now define g = ∪η<κnfη, and note that 〈a,A, g〉 is still a condition
in Qn0. Furthermore, we have by construction that 〈a,A, g〉_ νη = qη and hence
〈a,A, g〉_ ν decides φ for each ν ∈ A.

The only thing left to do is shrink down A so that every extension by ν ∈ A
decides φ in the same way. So, we set

A0 = {ν ∈ A : 〈a,A, g〉_ ν  φ},
A1 = {ν ∈ A : 〈a,A, g〉_ ν  ¬φ}.

Since A ∈ Enmax(a), it follows that one of these above sets is in Enmax(a), so assume
without loss of generality that A0 ∈ Enmax(a). Then, every non-direct extension of
〈a,A0, g〉 is below some 〈a,A0, g〉 _ ν for some ν ∈ A0 and hence forces φ. Thus,
every non-direct extension of 〈a,A0, g〉 forces φ and hence so must 〈a,A0, g〉. This
completes the proof. �

Definition 9. We now define the forcing (P,≤,≤∗). Conditions are of the form
p = 〈pn : n ∈ ω〉 such that:

(1) Each pn is a condition in Qn;
(2) There is some `(p) < ω such that pn ∈ Qn1 for each n < `(p), and pn ∈ Qn0

for each n ≥ `(p);
(3) If n ≥ `(p), and pn = 〈an, An, fn〉, then m ≥ n =⇒ am ⊇ an.

We say that p ≤ q if pn ≤n qn for each n < ω, and that p ≤∗ q if pn ≤∗n qn for each
n < ω.

Now that we’ve defined the long extender forcing, we want to prove the following
theorem:

Theorem 3. Assume GCH holds in V , and let 〈κn : n ∈ ω〉 be an increasing
sequence of λ-strong cardinals with supn<ω κn = κ and λ ≥ κ++, and let (P,≤) be
the corresponding long extender forcing. If G ⊆ P is V -generic for (P,≤), then the
following hold in V [G]:

(1) No new bounded subsets of κ are added;
(2) All cardinals are preserved;
(3) κω ≥ λ;
(4) In particular, since GCH holds in the ground model, we have that V [G] |=

GCH first fails at κ.

We will proceed by first showing that (P,≤) satisfies the κ++ chain condition.
From there, we will black box a rather technical lemma for later, but use this
technical lemma to show that forcing with (P,≤) preserves κ+ and adds no new
bounded subsets of κ. Finally, we will show that λ-many sequences are added to∏
n<ω κn. In order to show that P satisfies the κ++-chain condition, we will heavily

abuse the fact that the forcings Qn1 are basically Cohen forcing.
We begin by fixing some terminology. Letting p = 〈pn : n < ω〉 ∈ P, we call

p � `(p) the stem of p and the rest of the condition the tail of p. Next recall the
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three lemmas about the extender ordering (as they will be abused quite a bit) in
the form that we’ll be using them:

Lemma 17 (GCH). Fix n < ω, and τ < κn. If {αν : ν < τ} is a collection of
ordinals below λ, then there are λ-many α < λ such that α ≥En αν for each ν < τ .
In particular, ≤En is κn-directed.

Lemma 18. Suppose that {αη : η < γ < κn} is a collection of ordinals with
αη ≤ α < λ for each η < γ. If αη ≤En α for each η < γ, then {ν < κ : (∀η <
γ)(πα,αη (ν) < πα,αη (ν))} ∈ Enα.

Lemma 19. Suppose that{αη : η < γ < κn} is a collection of ordinals with such
that αη ≤En αη′ ≤En α for each η, η′ < γ, then there is some A ∈ Enα such that,
for each ν ∈ A, πα,αη (ν) = παη′αη (πα,αη′ (ν)).

With these in hand, we now tackle that κ++ chain condition.

Lemma 20. (P,≤) satisfies the κ++ chain condition.

Proof. Let {pα : α < κ++} be a collection of conditions from P with pα = 〈pαn :
n < ω〉 and pαn = 〈aαn, Aαn, fαn 〉 for n ≥ `(p). We begin by noting that we can
refine our collection of conditions to a collection of size κ++ with the property that
` = `(pα) = `(pβ) for each α, β < κ++. Furthermore, since Qn1 is a collection of
partial functions from λ to κ of size < κ+ and GCH holds in the ground model, we
can further refine to a collection {pα : α < κ++} with the following properties:

(1) For each n < `, the collection {dom(pαn) : α < κ++} forms a ∆-system with
root r such that pαn � r = pβn � r for each α, β < κ++.

(2) For each n ≥ `, the collection {dom(fαn )∪aαn : α < κ++} forms a ∆-system
with root r such that fαn � r = fβn � r, and fαn ∩aβn = ∅ for each α, β < κ++.

Our next step is to show that, given any α, β < κ++, there is a condition
q = 〈qn : n < ω〉 ∈ P (directly) extending both pα and pβ . That the extension
is direct is more an artifact of the proof, and not in and of itself important. We
begin by fixing such α, β < κ++, and note that we can easily construct qn for
n < ` by setting qn = pαn ∪ pβn since they both agree on the root of the ∆-system.
Constructing qn = 〈bn, Bn, gn〉 for n > ` is only slightly harder, as we need to make
sure that each portion of the condition agrees with the others.

We construct gn = fαn ∪ fβn as before. We would like to construct bn in the same
fashion, but we need to make sure that bn has a ≤En -maximal element, and that
said maximal element doesn’t get into the domain of gn. This is easy though, as
Lemma 17 guarantees that there is some ρ > sup(

⋃
dom(gn)) with ρ such that it

≤En -dominates every element of aαn ∪aβn. With this in mind, let bn = aαn ∪aβn∪{ρ},
and note that our choice of Bn is completely decided by our choice of bn. That is, let
B′n = π−1ρmax(aαn)

′′Aαn ∩ π−1ρmax(aβn)
′′Aβn, and use Lemma 18 and Lemma 19 to shrink

B′n to Bn satisfying the conclusions of said lemma for bn. Then by construction
qn = 〈bn, Bn, gn〉 ∈ Qn0, and note that we can slightly change each bn by adding
finitely many elements to make sure that bm ⊆ bn for ` ≤ m ≤ n < ω. Thus
q = 〈qn : n < ω〉 is a condition directly extending both pα and pβ and hence we
have shown that (P,≤) has no anti-chains of length κ++. �
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At this point, we would like to show that (P,≤,≤∗) satisfies the Prikry condi-
tion. In order to do this, we will go through a version of the strong Prikry lemma
for this forcing, as it will allow us to show that κ+ is preserved in the extension.
Before doing this, we need to figure out what it means to take an n-step extension
of the stem of a condition. So, let p = 〈pn : n < ω〉 ∈ P with pm = 〈am, Am, fm〉
for m ≥ `(p). For 〈ν`(p), . . . , νm〉 ∈

∏m
k=`(p)Ak, we define the m+ 1-step extension

of the stem of p by 〈ν`(p), . . . , νm〉 to be the condition p _∗ 〈ν`(p), . . . , νm〉 defined as

p _∗ 〈ν`(p), . . . , νm〉 = 〈pn : n < `(p)〉_ 〈pn _∗ νn : `(p) ≤ n ≤ m〉_ 〈pn : m < n < ω〉.

As before, pn = 〈an, An, fn〉 _∗ νn = fn ∪ {〈β, πmaxan β
(νn)〉 : β ∈ an}. From our

prior discussion, we’re basically replacing the first m+ 1 terms of p past the stem
with the minimal extensions (in the Qn order) by Cohen conditions agreeing with
νn. With this in hand we have an idea of what the strong Prikry lemma should
state:

Lemma 21. Let p ∈ P, and let D ⊆ P be dense open in (P ≤). Then there is some
p∗ ≤∗ p and np < ω such that every np-step extension of p∗ lands in D. That is, for

every 〈ν0, . . . , νnp−1〉 ∈
∏`(p)+np−1
m=`(p) Am, we have that p∗ _∗ 〈n0, . . . , νnp−1〉 ∈ D.

The proof of this lemma is rather technical, so I’ll hold off on the proof of this
until the next entry. For now, the plan is to use the above lemma to finish showing
that no new bounded subsets of κ are added, and that κ+ is preserved in the
extension.

Lemma 22. (P,≤,≤∗) satisfies the Prikry condition. That is, for every condition
p ∈ P, and every sentence φ in the forcing language, there is some q ≤∗ p such that
q decides φ.

Proof. Let p ∈ P be a condition and φ a sentence in the forcing language, and let
Dφ = {q ∈ P : q‖φ}. Using the strong Prikry lemma, we can find a p∗ ≤∗ p and
np < ω be such that every np-step extension of p∗ lands in Dφ. Let p∗ = 〈p∗n : n <
ω〉 with p∗n = 〈an, An, fn〉 for the sake of simplifying notation. Our goal is to show
that we can refine p∗ to a further direct extension q that lands in Dφ. In order to
do this, we will simply refine the measure one sets in the tail of p∗ so that it only
allows for np step extensions that all decide φ in the same way. But then, given any
np− 1-step extension of q, we see that all non-direct extensions will decide φ in the
same way. So, each np−1-step extension will decide φ in the same way, and we can
continue going backwards until we see that q itself actually decided φ. For the sake
of simplicity we will assume that np = 2, since this case is demonstrative of how
the refining process works, and the indexing gets way too annoying for arbitrary n.

So by our assumption, we have for any pair of ordinals ν0, ν1 with ν0 ∈ A`(p) and
ν1 ∈ A`(p)+1, that p∗ _∗ 〈ν0, ν1〉 ∈ Dφ. Fix a faithful enumeration {νη : η < κ`(p)}
of A`(p), and for each η < κn, set

A0
η = {ν ∈ A`(p)+1 : p∗ _∗ 〈νη, ν〉  φ},

A1
η = {ν ∈ A`(p)+1 : p∗ _∗ 〈νη, ν〉  ¬φ}.

Let A∗η denote whichever one of the above sets ends up in E`(p)+1,max(a`(p)+1). Next,
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let A∗`(p),0 = {ν ∈ A`(p) : A∗η = A0
η}, and A∗`(p),1 = {ν ∈ A`(p) : A∗η = A1

η}. Since

one of these above sets has measure one, let A∗n be whichever one of those two sets
ending up in E`(p),max(a`(p)). Finally, set

A∗`(p)+1 =
⋂
{A∗η : νη ∈ A∗`(p)}.

Noting that shrinking the measure one sets in our Qn0 conditions doesn’t change
the fact that they’re still Qn0 condition, let q denote the condition resulting from
starting with p∗, and replacing p∗n = 〈an, An, fn〉 with 〈an, A∗n, Fn〉 for n = `(p), `(p+
1). Then by construction we have, for every ν0 ∈ A∗`(p) and every ν1 ∈ A∗`(p)+1,

that q _∗ 〈ν0, ν1〉 decides φ in the same way. Hence, we see that our reasoning
from earlier allows us to conclude that every non-direct extension of q decides φ in
the same way and thus so does q. This completes the proof. �

As usual, now that we’ve seen that P satisfies the Prikry condition, we can
implement the closure of the tail under the direct extension ordering and show that
forcing with (P,≤) adds no new bounded subsets of κ.

Lemma 23. Forcing with (P,≤) adds no new bounded subsets of κ.

Proof. We’re going to show that any bounded subset of κ in the extension is com-
pletely decided by one condition, so let δ < κ, Ḃ be a name, and p ∈ P be such that
κ`(p) > δ and p  Ḃ ⊆ δ̌. We will inductively construct a ≤∗-decreasing sequence
of conditions sequence 〈pα : α < δ〉 as follows:

(1) Let p0 = p;
(2) At successor stages, assume that pα has been defined, and use the Prikry

condition to find pα+1 ≤∗ pα be such that pα+1‖α̌ ∈ Ḃ.
(3) At limit stages, assume that pβ has been defined for each β < α < δ, and

define pα = 〈pαn : n < ω〉 as follows.

(a) For n < `(p), we simply set pαn =
⋃
β<α p

β
n and note that pαn ∈ Qn1

since each it still had size at most κ.
(b) For n > `(p), set fαn =

⋃
β<α f

β
n .

(c) Now set aαn =
⋃
β<α a

β
n ∪ {ρ} where ρ is above the domain of fαn and

≤En -dominates every member of
⋃
β<α a

β
n (use the fact that κ`(p) > δ

combined with Lemma 17).
(d) Next set Bαn =

⋂
β<α π

−1
ρ,max(aβn)

′′Aβn using the fact that Enρ is κn

complete for n > `(p), and use Lemma 18 and Lemma 19 (and the
fact that δ < κ`(p)) to shrink Bαn to Aαn satisfying the conclusions of
those lemmas for the collection aαn which has size < κn by construction.

(e) Finally set pαn = 〈aαn, Aαn, fαn 〉.

Note that, by construction, we have that pα‖β̌ ∈ Ḃ for each β < α at stage α < δ.
Now that we have our desired sequence, we can use the limit stage construction on
〈pα : α < δ〉 to construct a condition pδ that is a ≤∗ lower bound for the sequence.

But by construction, we have that, for all α < δ, pδ‖α̌ ∈ Ḃ. Hence Ḃ is completely
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decided by a single condition, and so B ∈ V . Since δ < κ and Ḃ were arbitrary, it
follows that forcing with (P,≤) adds no new bounded subsets of κ. �

All we have left to do is use the strong Prikry lemma to show that κ+ is preserved
in the extension. One thing to note is that the argument actually generalizes to
other Prikry forcings that satisfy the strong Prikry condition. In fact, all of the
previous lemmas depended on the fact that the strong Prikry lemma was satisfied,
and the tail is sufficiently closed under the direct extension ordering. In other
words, once we have the strong Prikry lemma and the κ++ chain condition for a
Prikry forcing over κ, we’ve successfully shown that cardinals are preserved in the
extension, and no new bounded subsets of κ are added. This observation allows for
replacing the (κn, λ+ 1) extenders that we’re using with shorter ones.

So why try to use shorter extenders? On one hand, we would weaken the con-
sistency strength of the assumptions used, but that’s not a huge deal for us. The
problem with using long extenders is that it prevents us from collapsing κ to any
sufficiently small cardinal such as ℵω. What we would like to do is weave collapses
into our Prikry forcing in order to simultaneously blow up the power of κ while
collapsing it to ℵω. This turns out to be difficult since Prikry sequences eventually
end up in the measures we have lying around (this follows from standard density
arguments) and therefore form a collection of indiscernibles for V . So in order to
collapse κ, we want our collapses to miss the indiscernibles, which doesn’t allow
for much collapsing when using long extenders. So, if we shorten the length of
the extenders, we will actually shrink the intervals in which indiscernibles appear.
If we can sufficiently shrink these intervals, we can collapse κ down as far as ℵω.
Anyway, we now show that forcing with (P,≤) preserves κ+.

Lemma 24. Forcing with (P,≤) preserves κ+.

Proof. Suppose otherwise, and note that in the extension, cf((κ+)V ) will be below
κ. Work in V , and let δ < κ, ġ be a name, and p ∈ P be a condition with κ`(p) > δ

and such that p  ”ġ : δ̌ → κ̌+ has unbounded range. We will use the strong
Prikry lemma, along with the fact that |[κn]<ω| = κn to manufacture a bound on
the range of g. For each τ < δ, let

Dτ = {q ≤ p : (∃α < κ+)(q  ġ(τ̌) = α̌)}.

We now use the strong Prikry lemma to inductively define a ≤∗-decreasing sequence
〈pτ : α < δ〉 as follows:

(1) Set p0 = p;
(2) At successor stages, assume that pτ has been defined and use the strong

Prikry lemma to find pτ+1 ≤∗ pτ and nτ such that every nτ -step extension
of the stem of pτ + 1 ends up in Dτ .

(3) At limit stages, use the construction from the previous lemma to obtain a
≤∗ lower bound pτ for 〈pη : η < τ〉.

Let pδ be a ≤∗ lower bound for the sequence langlepτ : τ < δ〉, and note that
for each τ < δ, there is some nτ < ω such that every nτ -step extension of the stem
of pδ decides the value of ġ(τ̌). For each τ < δ, define
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ατ = sup{αa : (∃a ∈
`(p)+nτ−1∏
m=`(p)

Am)(pδ _∗ a  ġ(τ̌) = α̌a)}.

Since |[κn]<ω| = κn, we see that the above supremum is over at most κ`(p)+nτ−1
ordinals αa. Thus, since κ+ is regular in the ground model, ατ < κ+, and thus
pδ  ġ(τ̌) < α̌τ < κ̌+. Finally, set α = supτ<δ ατ , and note that we have by
construction

pδ  (∀τ < δ)(ġ(τ̌) < α̌).

But pδ ≤ p and p forces that the range of g is unbounded in κ, giving us a contra-
diction. �

We are now a few density arguments away from proving Theorem 3.

Proof. (Of Theorem 3)
We’ve already shown 1 and 2, and 4 will follow immediately once we prove 3. So,

let G ⊆ P be V -generic for (P,≤). Let n < ω, and define a function Fn : λ→ κn by
setting Fn(α) = ν if and only if there is some p ∈ G with `(p) > n and such that
pn(α) = ν. By genericity, Fn is defined on all of λ. Using these functions, we define
for each α < λ the sequence tα = 〈Fn(α) : n < ω〉, noting that tα ∈

∏
n<ω κn for

each α < λ. Now, it might turn out that a good chunk of these sequences come from
the ground model, since they could be that they are determined completely by a
single condition. However, the following claim will give us that the set {tα : α < λ}
has size λ.

Claim 1. If β < λ, then there is some α with β < α < λ such that tγ <Fin tα for
each γ < α.

We now work towards proving the claim. Work in V and let p = 〈pn : n < ω〉 ∈ G
with pn = 〈an, An, fn〉 for each n ≥ `(p). We want to define a condition q ≤ p that
forces the conclusion at some α. In particular, let α ∈ λ \ (sup(

⋃
n<ω dom(fn)) ∪

(
⋃
n≥`(p) an) ∪ β). Basically, we’re going to ”adjoin” α to each coordinate pn for

n ≥ `(p), which is why we’re picking α so large. This new condition will force
the conclusion we want for α. For each n ≥ `(p), we begin by fixing αn which
≤En -dominates every element of an ∪ α. We define q = 〈qn : n < ω〉 by setting
qn = pn for each n < `(p) and qn = 〈a∗n, A∗n, f∗n〉 for n ≥ `(p) where

(1) a∗n = an ∪ {α} ∪ {αn},
(2) f∗n = fn � dom(fn) \ α∗n, and
(3) A∗n ⊆ π−1αn,max(an)

′′An satisfies the conclusions of Lemma 18 and Lemma 19

for a∗n.

We claim that q  tγ < Fintα for each γ < α. We split this into two cases.

Case 1: tγ ∈ V
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We then see that the set

Dγ = {r ≤ q : (∀n ≥ `(r) with rn = 〈bn, Bn, gn〉)(∀ν ∈ πmax(bn)α
′′Bn)(ν > tγ(n)+1)}.

is dense below q, and therefore q  tγ <Fin tα by construction.

Case 2: tγ /∈ V .

We begin by noting that the set

D = {r ≤ q : (∀n ≥ `(r) with rn = 〈bn, Bn, gn〉)(γ ∈ bn)}

is dense below q. So, we let r ∈ D ∩ G and note that for every n ≥ `(r), we have
that αn ∈ bn and hence Fn(α) > Fn(γ) since πmax(bn)α(ν) > πmax(bn)γ(ν) for every
ν ∈ Bn. Thus, we have that tγ <Fin tα in V [G]. Thus, the claim and hence the
theorem is proved. �

The only thing left to prove is the strong Prikry lemma, and we will have proved
that the long extender forcing does what it was supposed to do. We will only give
a sketch, since the proof given in Gitik’s Handbook chapter is rather complete and
carefully done.

Proof. (Sketch of Lemma 21)
We will follow the blueprint of the proof of the analogous lemma for the diagonal

Prikry forcing. We begin by formulating the analogous version of the weak Prikry
lemma.

Claim 2. There is some p′ ≤∗ p such that, for any q ≤∗ p′ if q ∈ D, then

p � [0, `(p)) _ q � [`(p), `(q)) _ p � [`(q), ω) ∈ D.

In other words, we can refine the tail of p to a direct extension p′ so that it
predicts every non-direct extension landing in D. In order to prove this claim,
we will diagonalize against all non-direct extensions as we did when proving that
(Qn,≤,≤∗) is a Prikry forcing. We begin by fixing a faithful enumeration 〈aα :
α < κ〉 of [κ]<ω such that 〈aα : α < κn〉 enumerates [κn]<ω for each n < ω. The
idea is that we will inductively define a sequence 〈pα : α < κ〉 in such a way that
pα predicts non-direct extensions by aα landing in D, and so that there is a lower
bound p′ of the sequence in P.

Once we manage to construct such a sequence, we take the ≤∗ lower bound p′,
and note that such a condition is universal in the manner demanded by the claim.
It is here that we finally use the fact that the Cohen conditions have size κ. From
here, we can argue in a similar manner as in Lemma 9 to further refine p′ so that
the strong Prikry lemma holds. �
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